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Abstract--Sufficient conditions for the existence of positive solutions of the nonlinear m-Laplacian 
boundary value problem 
( l~ ' ( t ) l '~-%' ( t ) )  ' + f(t, u(t) )  -- o, 0 < t < 1, (E)  
(BVP) 
u'(0) = u(1) = 0, (BC) J 
are constructed, where m > 2 and f : [0, 1) x (0, oo) --* (0, oo) satisfying f(t, u) is locally Lipschitz 
continuous for u 6 (0, cx)), and f(t,u)/u m-1 is strictly decreasing in u > 0 for each fixed t 6 (0, 1). 
(~) 1999 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Many authors have considered the uniqueness and existence of positive solutions for the m-Lapla- 
cian boundary value problems 
(lu'(t)lm-2u'(t)) ' + f(t, u(t)) = 0, 0 < t < 1, (E) 
(BVP) 
u'(0) = u(1) = 0, (BC) J 
where m > 2 and f : [0, 1) x (0, oo) ~ (0, oo) satisfying f(t, u) is locally Lipschitz continuous for 
u E (0, oo), and f(t, u)/u r~-I is strictly decreasing in u > 0 for each fixed t e (0, 1). 
Equations of the type (E) arise in studies of radially symmetric solutions (i.e., solutions u that 
depend only on the variable r = Ix[) of the m-Laplacian equation, 
V . ( lVu lm-2Vu)+g( Ix l ,u )=0,  R0 <tx[<R1,  xER N, N>2.  (El) 
A radially symmetric solution of (El) satisfies the ordinary differential equation 
( lu ' l~-2u') '+g- l lu ' l '~-2u'+g(r ,u)=O, Ro <r  <R1.  (E21 
r 
With the change of variables, t = r (m-N)/(m-x) (for m ~ N) or t = logr (for m = N), equa- 
tion (E2) can be reduced to an equation of the type (E) or 
(m-1) lu ' lm-Zu"+f(t ,u)=O, 0<t<l ,  m>2.  (E*) 
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Conditions for the uniqueness of the general Sturm-Liouville boundary value problem 
( lu ' lm-2u ' ) '+f ( t ,u )=O,  in (•1,02), m_>2 (E*) /  
OtlU(eI)- ~ll~t(el)~---00} ~ J (BVP') 
OL2U(02) + ,~2Ut(02) (BC*) 
have been studied by many authors; see, for example, [1-5] and the excellent book by Agarwal 
and Lakshmikantham [6], for m = 2. For the case m # 2, we refer to [7]. In this excellent 
paper, Naito considered the case f(t ,  u) = p(t) f (u)  and established some excellent conditions for 
uniqueness by using the generalized Priifer transformation and comparison theorems. 
Recently, Wong [8] used a concise approach to establish the following theorem. 
THEOREM A. (Uniqueness Theorem, see [8].) Suppose that ra _> 2, a~,/3~ _> 0 satisfying a~ 2 + 
t5i 2 # 0 for i = 1, 2, and f : [0, 1) x (0, co) --* (0, co) satisfying/(t, u) is locally Lipschitz continuous 
for u • (0, co), and f ( t ,u ) /u  m-1 is strictly decreasing in u > 0 for each fixed t • (0, 1). Then 
(BVP*) has at most one positive solution in CI([Ol, 82]). 
Conditions for the existence of positive solutions of equation (E) with respect o (BC)-(BC*) 
were studied by many authors: see, for instance, [9-25] and the references therein. 
The main techniques of the above results are "Fixed Point Theory", "Topological Transversal- 
ity", and the "Comparison Theorem". In this paper, we apply a different approach from those 
used before. This method is due to Usami [26]; they considered the following boundary value 
problem: 
+ f( t ,  u(t)) = 0, t • 6, 
u • 0]~, 
where f(t,  u) is a positive smooth function on ]~ x (0, co) which is nonincreasing in u > 0 and 
is a unit ball. Applying the shooting method, they obtained some excellent existence results. 
Inspired by the power of this elementary method, we intend to construct some existence result 
of the boundary value problem (BVP) by using it. 
, 
First, we consider the initial value problem 
( lu'(01m-2u'(t)) '  + / ( t ,u ( t ) )  = 0, 
u(0)  = a > 0, 
and define 
MAIN RESULT 
0 < t < 1, 
(IVPa) 
f ul(0) = 0 (IC~) 
7/,a := {u [ u is a positive solution of (IVPa) in some suitable (0, Ta) C (0, co)}, 
i.e., u E C2[0,Ta) N C[0,Ta], u(t) > 0 on [0,Ta) and satisfies (IVP) in a subinterval of 
[0, Ta] A [0, 1]. 
Here, we shall point out there are few functions that guarantee the uniqueness of positive 
solutions of (E) with respect o a "zero initial condition": u(rl)ul(~l) = O. For example, consider 
([u'[2u') ' + 24(1 - u) = 0; (IC**) u(0) = 1, u'(1) = 0, 
the forcing term is infinitely smooth. Nevertheless, there are at least three solutions: 
ul(r) := 1, u2(r) := 1 - r  2, and u3(r) := 1 + r 3. 
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Therefore, Za maybe has more than one element. 
NOTE. The hypothesis "f(t, x) is locally Lipschitz continuous", which guarantees the uniqueness 
of a positive solution of (E) with respect o nonzero initial condition: u(~)u'(~) ~ O. 
LEMMA B. Suppose that u~(t) E Z~ is positive on [0, T) C_ [0, 1), a > t3 > O, and u~(t) E Za. 
Then, us(t) is also positive on [0, T) and satisfies 
u~(t) > u~(t), for t E (0, T). (2.1) 
PROOF.  
EXISTENCE THEOREM. Suppose that 
sup lim f ( t ,a )  
tE[O,l) a--*oo OZ rn-1 
inf lim f ( t ,a)  
tel0,1) a--~0 + OL m-1 
By Theorem A, we obtain the desired results immediately. 
- 0 ,  (H1)  
- co .  (H2)  
Then the boundary value problem (BVP) has a positive solution in C2[0, 1) n C[0, 1]. 
PROOF. Define the subsets S, S C (0, oo), respectively, by 
-S = {a > 0 : us(t) := infZ= exists on [0, 1) and satisfies us( l )  > 0}, 
S_ = {]3 > 0 : u~(t) := supZ~ vanishes before t = 1}. 
It follows from Lemma B that a E S and ~ E _S implies a > ~3. 
Now, we separate the rest of the proof into the following steps. 
STEP (i). S is not empty. We will show that u= (t) := inf Z= > a/2 if a is sufficiently large, 
and therefore such an a belongs to S. Following from (H1), we see that there exists an a > 0 
sufficiently large such that 
drj ds < - .  (2.2) (a/2) m-1 2 
We claim that for a satisfying (2.2), ua(t) > a/2  for t E [0, 1). In fact, if this is not the case, 
then there exists a tl E (0, 1) such that 
ua(t) > 2 '  O _< t < tl; u~(tl) = a_..2 
Integrating (E) and using (ICa), we have 
u~(tl) -- O~ -[- f(r,  ua(r)) dr ds = O, 
which, in view of decreasing property of f(t ,  u)/u m-l ,  implies that 
2 f(r,  ua(r)) dr ds 
=~t '  [~0s f(r'ua(r)) (ua(r))m-l dr] 1/(m-l) 
(ua(r))m_l ds 
<f0h[ f0  8 f ( r ,a /2)  dr] 1/(m-1) (a /2)m_l  (ua(r)) m-1 ds 
Jo (a/2)m_l dr ds < 2 
This contradiction shows that ua(t) > a/2 on [0, 1). 
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STEP (ii). __S is not empty. We claim that there exists a sufficiently small a > 0, u,~(t) := supZ~ 
that satisfies ua(1/2) < 0. Suppose to the contrary that for all a > 0, ua(t) > 0 on [0, 1/2]. It 
follows from (H2) that  we can choose an a > 0 so small such that  
f($,~) 
Cgrn-- 1- -  > 0 m- l ,  (2.3)  
where O := [f~/U(fo (1 - 2r) m-1 dr) 1/(m-l) ds] -1 > O. 
Let h(t) := -2at + a and U(t) := u~(t) - h(t) on [0, 1/2]. It follows from ua(O) = a = h(O) 
and h'(0) = -2a  < 0 = u~(0), that  
u'(t) = ~'(t) + 2,~, 
U" ( t )=u"( t )<O,  on [0,21-] 
and there exists a to E [0, 1/2] satisfying 
U(t) > O, on [0, to]. 
Now, we claim that  U(t) > 0 on [0, 1/2). Assume to the contrary that  there exists a tl E [to, 1/2) 
such that  
Since 
U(Q)=O and Ut(tl) <_0. 
there is a t 2 E (tl, 1/2) such that V'(t2) ___~ 0, which contradicts to U"(t) < 0 on [0, 1/2]. Therefore, 
we obtain 
on L0 ) ua(t) >_ h(t) = -2at + a, 
Integrating (E) and using (2.3), (2.4), and the monotone property of $(t, u)/u m-l, we see that 
---- --~ 4- 
> -c~ + 
_> -oL 4- 
---- -oL + 
> -~ + 
_-- _(~q- 
fol/2 [foSf(r, ua(r))dr]l/(m-1) ds 
~01/2 [~08 f(r, ua(r)) . . . .  m_l dr] t/(m-t) 
(u~(r))m_l (ua(r)) ds 
~1/2 [~S f(r, oL) ]l/(rn-l) 
Otto- 1 (ua(r)) m-1 dr ds 
1/2 s f (r ,  o~) (-2oLr + Or) rn-1 dr ds 
J0 ~rn--1 
[/0 1, f112 f(r, a) (1 - 2r) m-1 dr ds Ot Jo o~rn-1 
OLO ~O1/2 [~oS(1- 2r)m-l dr] l/(m-1) ds 
OL=0, 
implying that  ua(1/2) < 0, a contradiction. Thus, _S contains a satisfying (2.3). 
STEP (iii). in fS  does not belong to -S. Let a .  = infS.  It is clear that  a .  E (0, oo). Suppose 
to the contrary that a .  E S and let u.(t)  := infZ~..  Then l := ua.(1) > 0. Choose tl E (0,1) 
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sufficiently close to 1 so that 
1 < /2 
L 'o." 
Let f~ E (0,a.)  sufficiently close to a .  and u~(t) := infZ~ be defined on [0,T~]. Since f~ e (0,a.) 
is near a .  and u~. (1) = l > 0, there exists a tl E (0,T~) such that u~(tt) >/ .  Now, we claim that 
such a u~(t) satisfies u~(t) > 1/2 on its interval of existence, and consequently can be extended 
to [0, 1). In fact, if this is not true, then there exists a t2 E (tl, 1) such that 
l / 
u~(t)  > $,  t~ < t _ t=; ue(t2) = ~. 
Integrating (E) and our choice of t2 yields the following condition: 
= ue(t2)  = u~(t l )  - 
1 
> u~(tl) - f,t, 
1 
>_ ue(t~) - ~]~ 
> l - a. (l/2)m_l dr 
2°* / ,11 I '  ( ' ) ] =l - - - -~  1 f r,~ dr 
2a. /2 / 
> / - - -  
/ '4a .  =2"  
[fo 8 f(r,u~(r))dr] 1/(m-1) ds 
(Ufl(r))m-1 (U~ 3(r))m-1 
[~o 8 f(r, 1/2) dr] 1/(m-l) 
(l/2)m_1 (u~(r)) m-t ds 
[~0 s f(r, 1/2) ]~rn-1 dr] l/era-l) 
(1/2)m_l ds 
f(r, I/2) (a.)m_ 1 dr 11/(m-1) ds 
q/2)m-1 
1/(m-1) 
ds 
1/ (m- l )  
ds 
ds 
This is a contradiction. Therefore, such a B must be a member of S. This contradicts the 
definition a .  = inf S. 
STEP (iv). sup~ does not belong to S_. Suppose that a* = sup S E S and let tl be the point in 
(0, 1) where ua* (t) vanishes. Choose T E (tl, 1) arbitrarily and let it be fixed. There exists a 
constant e > 0 sufficiently small such that 
f(t,e) rim_l, (2.6) 
am_-------- T > 
T t where ~ := [ft, (f~,(1 - s/T) m-1 ds) 1/(m-1) at] -1 > 0. Let ~ > a* sufficiently close to a* and 
u~(t) := supZ~ be defined on [0,T~]. It follows from f~ > a* is near a*, u~.(tl) = O, and 
Lemma B, that 0 < u~(tl) < e. Now, we assert hat such a u~(t) vanishes before t = T. Assume 
to the contrary that u~(t) exists on [0, T] and remains positive. Then we obtain 0 < u~(t) < e, 
tl < t < T. Similar to (2.4), we have 
[0,T]. (2.r) ufl(t) _> -~t  + ~, on 
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Integrat ing (E) twice and using (2.6),(2.7), we get 
--u~(T) = --u~(tl) + ~tT [~o t
> -~(tl) + f,~ [f, I 
f = -~( t l )  + ~, 
> -# + , --~-ff_~tu~ts)) as] dt 
> -fl + ~m-1 1 -~s  + ~3 ds 
T (1 -- $ ~m-1 1/(m-l) 
> -13 + ~77 -~] ds dt 
= -#+#=o.  
f(s,  uz(s)) ds] 1/(m-1) dt 
f(s,  u#(s)) ds] U(m-1) dt 
f(8, U~(8)) ] 1/(m-l) 
(u~(s))m_l  (u#(s)) m-1 ds 
dt 
dt 
This contradict ion shows that  such a/3 is contained in _S. However, this contradicts the definition 
of a* = sup_S. 
STEP (v). From the above observation, we see that  the point a0 = in fS  = supS belongs to 
neither S nor S, and from the definition of S and _S, it is clear that  there exists a u • C1 (Zao) :-- 
the closure of Zao satisfying u(1) = 0. Therefore, we obtain the desired results. 
REMARK C. It is clear that  if f ( t ,  u) is (strictly) decreasing in u • (0, oo) and 
f (t ,  u) - h(t)u -p, h(t)u q, u ~ + u -a, sin(t)u -p + cos(t)u q 
for any given p • [0, c¢), q • [0, m - 1), a • [0, m - 1], and h • C((0,1);  [0, oo)), then f ( t ,u)  
satisfies " f ( t ,  u)/u m-1 is strictly decreasing in u". 
EXAMPLE D. I t  follows from our existence theorem, and we see that  boundary  value problems: 
( lu ' lm-2u')  ' + 2[t(1 - t)]2u -p  = 0 in (0, 1), 
~' (0)  = ~(1)  = 0, 
pE (1 -  m, oo), 
(BVP.1) 
1 (lU'Im--2U')' 
+ 1--~t2 uq = 0 in (0, 1), 
¢(0)  = ~(1) = 0, 
1 a 
( lut lm-2u')  ! -{- t--~-~-(u d- u -a )  ~- 0 in (0,1), 
u'(O) = u(1) = 0 
have at least one positive solution in C2[0, 1) ¢3 C[0, 1]. 
q e ( -oo ,  m - 1), 
~e  {0 ,m-  1], 
(BVP.2) 
(BVP.3) 
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